Math 241 Calculus TI. April 10, 2023
Prof. Honold Midterm Exam 2 18:00-19:30

Name: Student 1D: Major:

Question 1 (ca. 11 marks)

Consider the function f: D — R defined by

1

f(z,y) = 2wyt

Here D C R? is the maximum possible domain for f.

a) Determine D.

b) Determine the limits

lim x,1), lim x,
(1’7y)—>(0,0)f( v) \(fcvy)l—wof( 2

(including the possibilities £00), or show that the limit does not exist.

c¢) Determine all critical points of f (if any).

d) Determine the shape of the 1-contour C; of f and graph C) as accurately as
possible (unit length at least 2 cm).

2 2
Hint: There are A\, A € R such that 22 — 2y + 3% = \; (%) + A (x—\;iy) )

e) Determine the slope of the graph G at (1,1) in the western (W) direction,
and the maximal slope/direction of Gy at (1,1).

f) Express f(tz,ty), t € R, in terms of f(z,y). Use the result to describe the
relation between the contours of f, and sketch the k-contour of f for k = 2

and k = 4; cf. d).
Question 2 (ca. 6 marks)

Consider the differentiable map G: D — R?, D = R?\ {(0,0)}, defined by

z Y
G = - .
) (w2 +y? a? +y2)
a) Compute the Jacobi matrix Jo(z,y) and show that G is conformal.

b) Determine the G-image S = G(A) of the (solid) triangle A with vertices
(1,0), (0,1), (1,1), and graph A and the region S on paper (unit length at
least 2.cm).

Hint: The G-images of the edges of A are circular arcs. Corresponding equa-
tions can be obtained by writing G(z,y) = (u,v) and expressing u? + v?
in terms of u,v. In the figure you should indicate the correspondence be-
tween edges and their G-images by using the same color (or line style such as
“dashed”, “dotted”, etc.).

c) Is the figure obtained in b) compatible with the result in a)? Justify your
answer!
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Question 3 (ca. 5 marks)
Consider the curve C' in R? parametrized by
v(t) = (" —t,2t°+1,3t—1), tekR.

a) Is C contained in a plane? Justify your answer!

b) Determine the center and radius of the osculating circle of C' in (0, 3,2).
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Solutions

1a) 2> —ay+y® = (z— 1y)2 + 2y = 0 has only the trivial solution z = y = 0.

b)

2

— D=\ {(0.0)}

Using polar coordinates, we have

. 1 1
f(z,y) = f(rcos¢,rsing) = r2(1 — cos ¢ sin @) s (1 - Lsin(2¢))

It follows that 3% < flz,y) < T%
The first inequality implies lim, y)— 0,0y f(2,y) = lim,_,o f(r cos ¢, rsin ¢) = +oo.
The second inequality implies limy )| o0 f(2,y) = lim, o f(r cos ¢, 7sin¢) = 0.

We have
£ 20 —y 1
T (@ —ay Y)Y ?
2 —x
fy:_ %

(@? + 2y +9°)*

and f, = f, = 0iff 20 —y = 2y — 2 = 0. The only solution is (z,y) = (0,0), but

(0,0) ¢ D. Hence f has no critical point.
First we determine \{, Ay according to the hint. Expanding gives
AL+ A AL+ A
v? —ay+yt = 12 2x2—|—(>\1—>\2)xy—|— 12 2y2

Equating coefficients of 22, we obtain A; + Ay = 2, A\; — Ay = —1, and hence \; = 1/2,

1 /x4y > 3 =1y 2
v — a2y + 2:—( )—i——(— 1
TP \ve ) T2

Setting 2’ = %, Yy = x—\by, the equation of the 1-contour of f becomes 2

—ry+yt=
12" 4+ 2y” = 1. Since the corresponding coordinate change (g:) = \% (1 4)(y)is
a Euclidean motion (composed of a reflection at the y-axis and a 45°-degree rotation
around the origin), the l1-contour is an ellipse with semi-axes a = v/2, b = v/2/v/3.
The vertices of the ellipse have 2’ = 0 or ¢y = 0, i.e., x = £y. Substituting this into
1? — zy + y* = 1 gives the four points (£1,+1), (£5v/3,F1v/3), where either the
upper or the lower signs hold.
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1.0 A

0.5 A

N %

-1.0 -0.5 0.0 0.5 1.0

e) The slope in the western direction is simply the negative of the partial derivative f,,

Le, —fz(1,1) = 1. 1
The maximum slope is in the direction of the gradient, viz. V(1,1) = (=1, —1) (south-
west, towards the origin), and has the value |V (1,1)| = v/2.
f) We have ' '
HE ) = G = ) + e~ 2 )
— C} is obtained from C] by scaling it with the factor 1/ V.

For k = 2,4 the factors are 1/v/2 ~ 0.7 and 1/2, respectively; cf. picture.

1.0

0.5 1

—0.51

—1.01

-1.0 -0.5 0.0 0.5 1.0

Remarks:
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d =1

1

a) Writing G = (u,v)" with u(x,y) = e V(@ y) = — we have

_Y
x2 +y2 )

torn = (0 2) = e (5 7 e o)

1 22 =2
:—2<y v Qxy2)~

(22 +y?) vy Yyt —x

Further we obtain

1 (4% — 22)2 + day? 0
T _
Jo(z,y) Jo(z,y) = @+ ) ( 0 (4% — 22) + day?

el 1)

= (G is conformal in all points of D.

b) Writing P, = (1,0), P, = (1,1), Py = (0,1) for the vertices of A and [Py, P,], etc., for
the edges of A, we have G(1,0) = (1,0), G(0,1) = (0,-1), G(1,1) = (3,—-1), and
further:

() GLy) = (e )

vt =a=u = (u—%)QvaQ:%l
— G([P1, P]) is an arc of the circle with center (3,0) and radius 3. 3
(i) G(z.1) = (= —152)

W= = v = u2+(v+l)2:i

— G( Py, Py ) is an arc of the circle with center (O, —%) and radius % %
2

u? +v? —m2+& p=u—v = (u—3) +(v+}) =3

— G( P, P ) is an arc of the circle with center (%, —%) and radius \/75 %

¢) Since G is conformal in Pj, Py, P35, the angles between the sides of A (45°, 90°, 45°,
respectively) must be the same as the angles between their image curves, which form

the boundary of G(A). This is also visible in the figure of G(A).
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Yy : G(Pl)
o T
Py Py 0.5
1
.

G(P)
_05 .
G(Pg) q

z
1p
(a) A (b) G(A)

3 a) Yes. We have

3 —t 0 -1 1
yt)y=2834+1| =1 |+t{ 0 |+2[2],
3t—1 —1 3 0

which is obviously contained in the plane £ = (0,1,—1) + R(—1,0,3) + R(1,2,0).
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b) Using (0,3,2) = (1), we obtain

3t2—1
Yit)y=1 6t |,
3
6t
Y'(t) = | 12t |,
0
7"(1)-y'(1)
AN() =/ (D)]T'(1) =+"(1) - ———-=7'(1 A>0
(1) = Y(WIT'(1) =~"(1) (1) (1) (1) (A>0)
6\ (6,12,0)-(2,6,3) [ 6\ g4 (2 6\ 19 (2
:12_2632636:12_4_96:12_76
0 (2,6,3) - (2,6,3) 3 0 3 0 3
3
— g 2 ,
—6
1 3
N(l) =5 2 )
"\ -6
T'(1 N(1
o= [T PN _ 6
YOI P 49
Alternatively, compute the curvature as
2 6 —36 —6
(1 "(1 1 1
w1y = PO XWOE L) ) L as )= 8| 5 )=
(D) ™I\ 0 Ti\c2)| T\e)] T
= The radius of the osculating circle of C' in (0,3, 2) is
1 49
S 1
k(1) 6
and the center is
1 0 - 3 1 21 7/2
Y1)+ —ND=[3]+=|2|==32|=]|16/3].
w(1) o) O\-6) O \-30 5

Remarks:

d =5
3
> =20+2

Midterm 2




