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[1] Definitio Let D be a set in R? (a plane region). A vector field on R? is a
function F that assigns to each point (x, y) in D a two-dimensional vector F(x, y).
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EXAMPLE 3 IfF(x,y) = (3 + 2xy)i +((x*> — 3y?)}, find a function f such that

AUtbosle T 1 ‘(f"]

F=V/. —_— —
= \[/ \
\V4
x —j—\g,
j‘x: (34 lx‘a)

= xaxy + 5

——®

-S/\l-_ A ) = yl—s\al

\¥
foy)= -yl
\/

. 3
F= xex Y- N+l



0 Line lrm‘eqvm\

Pi(x v

[2] Definitio If f is defined on a smooth curve C given by Equations 1, then the
line integral of f along C is

Lf(x, y) ds = lim >, f(xf, y¥) As;
==y

if this limit exists.
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—_— EXAMPLE 1 Evaluate [ (2 + x?y) ds, where C is the upper half of the i
xX+yr=1.
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Theorem
Supposew: D — (R")*, D C R",.is continuous and exact, w = df,
and~: [a,b] — D is any path. Then we have B
[ @ =1010) - 2(a).
Proof. v -
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Corollary
Suppose w: D — (R™)*, D C R", is continuous and exact.

© The integrals fW w are independent of path, i.e., for any two
paths v1,v- in D whose starting points and end points

coincide we have [ w = [ w.

® For every closed path v in D we have fW w=0.

The Converse of the Corollary

Independence of path implies exactness

First observe/recall the following:

e lfw: D— (R")*, D C R", is exact then D must be open,
because w(x) = df(x) for x € D implies in particular D = D°.

* |f in addition D is path-connected then any two
antiderivatives fi, f, of w differ by a constant, since
w = dfy = df, implies d(f; — ) = 0 on D, and we have seen
that in this case f; — f, must be constant.
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Locally Exact 1-Forms

Definition
A differential 1-form w: D — (R™)*, D C R", is locally exact if
every point x € D has a neighborhood, on which w is exact.

Of course we can assume that this neighborhood is a ball B,(x)
for some r > 0. If wis exact on D then it is locally exact with D
serving as the desired neighborhood for all x € D.
Proposition

Ifw = Z, 1 fidx; is locally exact (in particular, if w is exact) and
contlnuously differentiable (on D) then

(f)x, = (f)x, forall1<i<j<n (onD).
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Theorem (Poincaré’s Lemma)
Letw=>",fdx;bea continuously differentiable differential
1-form on D C R". If w satisfies (f;)y, = (fj)x for1 <i <j < nand
D is star-shaped then w is exact.
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Definition

A subset D of R" is said to be star-shaped of there exists a
“central” point ¢ € D such that for any other point x € D the line
segment [c,x] = {(1 —t)c+ tx;0 < t < 1} is contained in D.

It will be shown that locally exact continuous differential 1-forms . o __:> XAt
on a simply connected set D C R” are exact. This vastly : (O(,o\\\\s exnct, + %\M\V\S"W
generalizes Poincaré’s Lemma.
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Simply Connected regions rRR R AV IR A 2

Roughly speaking, a connected open set D C R" is “simply — NCR. X N

connected” if every closed path in D can be continuously qQNSR F,‘E(%?:] el ‘f;h Ed *&
contracted to a point entirely within D. Subsets of R? with this B
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property must not contain holes.
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Curl and Divergence
_ R
Definition
The curl and divergence of a 3-dimensional vector field
F = (fi, kb, f3) are defined as

Oofz — O3y
curl F = 83f1 —81 f3 ,
— O1fo — Oof

i divF = 01f; + Oof> + O3f5.
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