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Calculus III (Math 241)

W42 Do Exercises Exercises 25, 45, 49 in [Ste16], Ch. 14.8.
Which of the exercises in Homework 10 have a quick solution using the inequality be-
tween the arithmetic and geometric means from Exercise 49 ?

W43 Do the true-false quiz in [Ste16], p. 982.

W44 Determine the type of each quadric surface Qa in the family

y2 + xz+ x� y� z = a, a 2 R.

Hint: Qa is central; the center can be found by rewriting the equation in a way similar to
“completing the square”.

W45 For b > 1 valuate
Z b

1

dx
x

without recourse to the Fundamental Theorem of Calculus.

Hint: Use upper and lower Darboux sums for partitions of [1,b] that are in geometric
progression; cf. lecture.

 







Solutions
42 Ex. 25

(a) f (x,y) = x has gradient — f (x,y) = (1,0), and g(x,y) = y2+x4�x3 has gradient —g(x,y) =
(4x3�3x2,2y). The critical points of g are (0,0) and (3/4,0). Of these only (0,0) is on the
curve y2+x4�x3 = 0. It follows that in all curve points 6= (0,0) we can apply the theorem
on Lagrange multipliers and conclude that a local extremum of f on the curve must satisfy

(1,0) = l(4x3 �3x2,2y) for some l 2 R.

The second equation, 2ly = 0, forces y = 0, since l = 0 is impossible, and further x = 1,
since y2+x4�x3 = x3(x�1) = 0 and (x,y) 6= (0,0). Thus the only solution is (x,y) = (1,0)
(and l = 1). The point (1,0), however, is not a minimum of f on the curve, since it has
x-coordinate 1 whereas (0,0) has x-coordinate 0. (In fact, the point (1,0) is the unique
maximum of f on the curve; see the plot below.)

(b) Since y2+x4�x3 = y2+x3(x�1)= 0 implies 0 x 1, f (0,0)= 0 is the unique minimum
of f on the curve; cf. also the plot below. Since — f (0,0) = (1,0), —g(0,0) = (0,0), the
equation — f (0,0) = l—g(0,0) doesn’t hold for any l.

(c) Because the minimum value is attained at a critical point of g (visible as a cusp of the
curve).

Figure 1: The curve y2 + x4 � x3 = 0

Ex. 45 This exercise asks for the determination of the extrema of f (x,y,z) = x2+y2+ z2 under
the constraints g1(x,y,z) = x+y+2z�2= 0 and g2(x,y,z) = x2+y2�z= 0. Since g= (g1,g2)
has

rkJg(x,y,z) = rk
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except for x = y =�1
4 , which leads to g1(�1/4,�1/4,z) = 2z�5/2 = 0, g2(�1/4,�1/4,z) =

1/8� z = 0 and has no solution, any extremum of f under the given constraints must satisfy
the Lagrange multiplier condition
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and hence the system of equations

2x = l1 +2l2x,
2y = l1 +2l2y,
2z = 2l1 �l2,

x+ y+2z�2 = 0,

x2 + y2 � z = 0.

Eliminating l1,l2 yields x = y_ z = �1
2 . The latter does not lead to a solution in view of

x2 + y2 = z. Hence solutions (x,y,z) must have x = y, from which it is easy to see that the
solutions are (�1,�1,2) and (1

2 ,
1
2 ,

1
2). The point (1

2 ,
1
2 ,

1
2) (length 1

2
p

3) is nearest to the origin,
and (�1,�1,2) (length

p
6) is farthest from the origin.

Ex. 49

(a) Since x 7! n
p

x is strictly increasing, we may as well work with p(x1, . . . ,xn) = x1x2 · · ·xn.
(This simplifies computing the gradient.)

The maximum exists (provided that c > 0), since we can extend the feasible region S =
{x 2 Rn;xi > 0,x1 + · · ·+ xn = c} to S = {x 2 Rn;xi � 0,x1 + · · ·+ xn = c}, which is non-
empty, closed and bounded; since p is continuous on S, it attains a maximum on S and,
since p vanishes on S\S and takes positive values on S, any such maximum must be in S.

The Lagrange multiplier condition is

—p(x1, . . . ,xn) = (x2 · · ·xn,x1x3 · · ·xn, . . . ,x1 · · ·xn�1) = x1 · · ·xn(1/x1, . . . ,1/xn)

= l(1, . . . ,1).

Since the gradient —g(x1, . . . ,xn) = (1, . . . ,1) is nonzero on S, any maximum x⇤ must sat-
isfy the Lagrange multiplier condition. It follows that x⇤1 = x⇤2 = · · · = x⇤n and hence that
x⇤ = (c/n, . . . ,c/n) is the unique maximum.

(b) Writing c = x1 + · · ·+ xn, we have from a) x1 · · ·xn  (c/n)n,

n
p

x1 · · ·xn 
c
n
=

x1 + · · ·+ xn

n
;

equality holds iff x1 = x2 = · · ·= xn.

Finally we solve some of the exercises in Homework 11 using the inequality between the arith-
metic and geometric means:

43 1. True. Setting y = b+h turns this into the definition of fy(a,b).

2. False. Clairaut’s Theorem applies and gives that fxy and fyx must be equal; but

fxy(x,y) =
∂
∂y

(x+ y2) = 2y,

fyx(x,y) =
∂
∂x

(x� y2) = 1.

Thus fxy and fyx coincide only on the line y = 1/2, which has no inner point; contradic-
tion. (A pedantic set theorist might object that the function with empty domain provides
an example, but we won’t follow him.)



3. False, because ∂2 f
∂x∂y = fyx and fyx 6= fxy in general.

4. True. Assuming k = (0,0,1), the directional derivative of f in direction k is just the
partial derivative fz.

5. False. We have seen that f (x,y) = xy
x2+y2 , (a,b) = (0,0) provides a counterexample.

6. False. One needs continuity of fx and fy in (a,b) to conclude that f is differentiable in
(a,b).

7. True. This holds even under the assumption that f is only partially differentiable at (a,b);
cf. the lecture.

8. False. If f is not continuous at (2,5), it doesn’t have the indicated property, and such
functions f exist.

9. False; — f (x,y) = (0,1/y) is a 2-dimensional vector.

10. True, as proved in the lecture.

11. True; — f (x,y)= (cosx,cosy), |— f (x,y)|=
p

cos2 x+ cos2 y
p

2 and hence also |Du f (x,y)|=
|— f (x,y) ·u|

p
2 for any unit vector u 2 R2.

12. False. The function f (x,y) = x4 + y4 � 4xy + 1 discussed as example in [Ste16] is
a counterexample for the statement with maximum/minimum exchanged, and hence
g(x,y) =� f (x,y) =�x4 � y4 +4xy�1 provides a counterexample.

44 A clever way to solve this exercise is as follows: The equation can rewritten as
✓

y� 1
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◆2
+(x�1)(z+1) = a� 3

4
.

This shows that the quadric Qa (the one with parameter a) is central with center (x,y,z) =�
1, 1

2 ,�1
�

(independent of a) and translation-equivalent to y2 + xz = a� 3
4 . Using a further

variable change, viz. x = x0+ z0, z = x0 � z0, y = y0, the latter is transformed into y2 + x2 � z2 =
a� 3

4 .

=) Qa is a

8
><

>:

cone if a = 3
4 ,

hyperboloid of one sheet if a > 3
4 ,

hyperboloid of two sheets if a < 3
4 .

Of course, the standard method, discussed in the lecture, can also be used. The equation defin-
ing Qa is equivalent to

qa(x,y,z) = y2 + xz+ x� y� z�a =

0

@
x
y
z

1

A
T0

@
0 0 1

2
0 1 0
1
2 0 0

1

A

| {z }
A

0

@
x
y
z

1

A+2

0

@
1
2
�1

2
�1

2

1

A

| {z }
b

T0

@
x
y
z

1

A�a = 0.

Since rkA = 3, Qa is central with center v = (v1,v2,v3) determined by
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The solution is v =
�
1, 1

2 ,�1
�
, so that Qa is equivalent to the quadric with equation

y2 + xz+qa(v) = y2 + xz+
�1

2
�2

+1(�1)+1� 1
2 � (�1)�a = y2 + xz+ 3

4 �a = 0.

Then we use the algorithm for transforming A into Sylvester canonical form:
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=) Qa is equivalent to the quadric with equation x2 + y2 � z2 + 3
4 � a = 0, which is the same

as obtained above.

45 For N 2 N consider the partition P = {1,q,q2, . . . ,qN�1,b} of [1,b] where q := Npb, i.e, for
1  i  N the i-th subinterval of P is [xi�1,xi] = [qi�1,qi]. Since x 7! 1/x attains its maximum
in [qi�1,qi] at qi�1 and its minimum in qi, we have

S(1/x;P) =
N

Â
i=1

qi �qi�1

qi�1 = N(q�1),

S(1/x;P) =
N

Â
i=1

qi �qi�1

qi = N(1�1/q),

S(1/x;P)�S(1/x;P) = N(q�1/q)! 0 for N ! •,

since N
pq ! 1. This shows that x 7! 1/x is Riemann-integrable over [1,b] with

Z b

1

dx
x
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N
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=
d
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bx
����
x=0

= lnb.




















