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Notice that the conclusion of
Theorem 2 can be stated in the |z| Theorem If f has a local maximum or minimum at (a, b) and the first-order
notation of gradient vectors as partial derivatives of f exist there, then f,(a, b) = 0 and f,(a, b) = 0.

Vf(a, b) = 0.

o (rities point EJ?Q;H&D ‘30/1('”;‘_

A point (a, b) is called a critical point (or stationary point) of f if f.(a, b) = 0 and
fila, b) = 0, or if one of these partial derivatives does not exist. Theorem 2 says that if f
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[3] Second Derivatives Test Suppose the second partial derivatives of f are
continuous on a disk with center (a, b), and suppose that f.(a, b) = 0 and
f,(a, b) = 0 [so (a, b) is a critical point of f]. Let

D = D(a7 b) =f~“~\’(a’ b)f;’,\'(a7 b) - [f\’}'(a7 b)]2
(a) If D > 0 and f..(a, b) > 0, then f(a, b) is a local minimum.

(b) If D > 0 and f..(a, b) < 0, then f(a, b) is a local maximum.
(¢) If D < 0, then (a, b) is a saddle point of f.

NOTE 1 If D = 0, the test gives no information: f could have a local maximum or local
minimum at (a, b), or (a, b) could be a saddle point of f.
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Definitio Let (a, b) be a point in the domain D of a function f of two vari-
ables. Then f(a, b) is the

e absolute maximum value of f on D if f(a, b) = f(x, y) for all (x, y) in D.
e absolute minimum value of f on D if f(a, b) < f(x, y) for all (x, y) in D.

Extreme Value Theorem for Functions of Two Variables If f is continu-
ous on a closed, bounded set D in R?, then f attains an absolute maximum value
f(x1, y1) and an absolute minimum value f(x», y,) at some points (xi, y;) and
(XQ, yz) in D.

o & Haff :

E] To find the absolute maximum and minimum values of a continuous func-
tion f on a closed, bounded set D:

1. Find the values of f at the critical points of f in D.
2. Find the extreme values of f on the boundary of D.

3. The largest of the values from steps 1 and 2 is the absolute maximum value;
the smallest of these values is the absolute minimum value.

» L“fjw‘"“["' Mulbpliors = Finat the extreme valney (moler Gome vowetroiut.
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Method of Lagrange Multipliers To find the maximum and minimum values
of f(x, y, z) subject to the constraint g(x, y, z) = k [assuming that these extreme
values exist and Vg # 0 on the surface g(x, y, z) = k]:

1. Find all values of x, y, z, and A such that
ZL Vf(x.y.2) = A Vg(x. y, 2)

glx,y,2) =k

pue WUStrain

and

2. Evaluate f at all tlie points (x, y, z) that result from step 1. The largest of these
values is the maxymum value of f; the smallest is the minimum value of f.

J

fe = Agx fr=Agy glx,y) =k
tf—av 4WO (stming :
Vf(xo, Yo, Zo) =A Vg(xo, Yo, Zo) + Vh(xo, Yo, Zo)
\V4
fr = )\91 + l-“h,\
fy =Agy + phy
f:=Ag. + ph.
g(x’ y’ Z) = k

h(x,y,z) = ¢
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W25 Do Exercises 23, 34, 36 in [Ste21], Ch. 14.7.

W26 Do Exercise 5 in [Ste21], Ch. 14.8.

W27 Using Lagrange Multipliers, do Exercise 50 in [Ste21], Ch. 14.7.

23. Show that f(x, y) = x* + 4y? — 4xy + 2 has an infinite
number of critical points and that D = 0 at each one. Then

show that f has a local (and absolute) minimum at each criti-

cal point.

33-40 Find the absolute maximum and minimum values of f on
the set D.

33. f(x,y) = x> + y> — 2x, Dis the closed triangular region
with vertices (2, 0), (0, 2), and (0, —2)

34) f(x,y) = x + y — xy, Dis the closed triangular region
with vertices (0, 0), (0, 2), and (4, 0)

35. f(x,y) = x>+ y> + x’y + 4,
D=1y | 151= 1 |y| =1}

36) f(x,y) =x* +xy +y* = 6y,
Dz{(X,Y)|—3Sx$3,O$ys5}

~— ol N 7 0 A D ~

3-16 Each of these extreme value problems has a solution with
both a maximum value and a minimum value. Use Lagrange
multipliers to find the extreme values of the function subject to
the given constraint.

3. fluy) =x*—y% x*+y’=1

4, f(x,y) =x%, x*+y*=5

@f(x,y) =xy, 4x’+y?=38

50. Find the dimensions of the box with volume 1000 cm? that
has minimal surface area.
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b= du’- f iy

let
3 of = (1oy, 1-x ) =p

o s e ly.o
-fu,q = 9
I q -
o ‘}ml\'f 32 (ex, 2y
¥ X
Fo,4) =Y, wax 2 peinao Vf‘—7\‘73 ITi#D
Tz &, waxrd winzo 4‘3(‘-("’]‘ : ¥
F Gyt o LH - Kl-bxpy
. L Lxen Y= §x\ Xt [re-o| &
: = -4 A A=
} = Lt ey =29 A D rd e x:?l X_—T
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Ths | jpeny = i
Xz 4 minz g -&\— # (il il) Y = 2
Winw = -2

So, le+t
J'— X4 3= lovo

A= o= axy 429+ 1xg

f = Yy +re, xtrg, 29t )

Vj = (C 3‘21 X?'kj>

2 =
3-(-7-‘2— )\j% 22X+ 2rx= Avye
X423 - Axz . ?_xjﬂi;]: Ayt P x=y
7—‘3*15!: 9 il
)\Xj '“‘(M’} 5“"]=i
X‘] \2 = lowo R
- X=3: 2=y

A= 60 (>



