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Question 1 (ca. 11 marks)

Consider the function f: D — R defined by

1

f(z,y) = Fo——

Here D C R? is the maximum possible domain for f.

a) Determine D.

b) Determine the limits

lim  f(z,y), lim  f(z,y)

(z,)—(0,0) |(z,y)| =00

(including the possibilities £00), or show that the limit does not exist.
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[1] Definitio Let f be a function of two variables whose domain D includes
points arbitrarily close to (a, b). Then we say that the limit of f(x, y) as (x, y)
approaches (a, b) is L and we write

X,
(xy) (b)f( y =

if for every number & > 0 there is a corresponding number & > 0 such that

if (x,y) €D and 0<./(x—a)’+ (y—b)> <8 then |f(x,y) —L|<e
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If f(x,y) — Ly as (x, y) — (a, b) along a path C, and f(x,y) — L, as
(x, y) = (a, b) along a path C», where L, # L, then lim(,, ,)— @ » f(x, y) does
not exist.
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¢) Determine all critical points of f (if any).



I Rewnll

[ CH‘UQA\ \70'“,\* . ‘F\( = '(-/\:. 0
or

ovie of pmrJ«icA\ deriunts Les does (hot _ist,

42

ty

Heve [ « = ﬁ
_‘: R Re kXL"X"]-—l'VlL)L

X=1Y)
L\(L__ }(U\-{-\/\L\—v

Q(
S
¢

The ol Golwtdnn  for fx=fuzo v DvE e Lami= (0,0)
\/\/l/ﬁ(A/\ (’7 wot .\n _(J4\¢ c}.evvw\f\/]_

Thng, tler's vo critical powts of .

1
fz,y) = oL

d) Determine the shape of the 1-contour C; of f and graph C) as accurately as
possible (unit length at least 2 cm).
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e) Determine the slope of the graph Gy at (1,1) in the western (W) direction,
and the maximal slope/direction of G at (1,1).
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f) Express f(tx,ty), t € R, in terms of f(x,y). Use the result to describe the
relation between the contours of f, and sketch the k-contour of f for & = 2

and k = 4; cf. d).
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For k = 2,4 the factors are 1/v/2 ~ 0.7 and 1/2, respectively; cf. picture.
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Question 2 (ca. 6 marks)

Consider the differentiable map G: D — R?, D =R?\ {(0,0)}, defined by

T Y
G($7y) = (1}2 +y27_1‘2+y2> .

a) Compute the Jacobi matrix Jg(x,y) and show that G is conformal.
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Theorem
Letf: D— R™ D CR", be a function with coordinate
functions fi, ..., fn andx € D°.
© /ff is differentiable at x then f is continuous at x.
@ If f is differentiable at x then the partial derivatives
%%(x) existfor1 <i<m,1<j<n,and
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b) Determine the G-image S = G(A) of the (solid) triangle A with vertices

(1,0), (0,1), (1,1), and graph A and the region S on paper (unit length at
least 2 cm).
Hint: The G-images of the edges of A are circular arcs. Corresponding equa-
tions can be obtained by writing G(z,y) = (u,v) and expressing u? + v*
in terms of w,v. In the figure you should indicate the correspondence be-
tween edges and their G-images by using the same color (or line style such as
“dashed”, “dotted”, etc.).

G(x,y) = (Lz +y2’_:r2 +y2) .
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c¢) Is the figure obtained in b) compatible with the result in a)? Justify your

answer!
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¢) Since G is conformal in Py, P, P, the angles between the sides of A (45°, 90°, 45°,

I\v\s;

respectively) must be the same as the angles between their image curves, which form
the boundary of G(A). This is also visible in the figure of G(A).
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Question 3 (ca. 5 marks)

Consider the curve C in R? parametrized by
()= (-2 +1,3t-1), teR

a) Is C contained in a plane? Justify your answer!
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b) Determine the center and radius of the osculating circle of C' in (0, 3, 2).
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W23 From a previous midterm
The height and mass (“weight”) of a basketball player are known to be 4y = 2.00m and
mo = 100kg, respectively, with a possible error of 0.5 cm, respectively, 0.5kg.

a) Find the linear approximation of the body mass index B(m,h) = m/h?* near (mg, hy).

b) Using the Mean Value Theorem, state a (tight) rigorous upper bound for the (abso-
lute) error when the body mass index of the basketball player is calculated from the

known data.
4 Luear oppeximution: flxy) = fla.b) + fila, b)(x = a) + fi(a. b)(y = b)
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b) Usually we do not know the exact value of Ax; but only a bound
|AXj| < d;. Inthis case the Mean Value Theorem yields the upper

bound
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Ay <> Mg with M = max aXj(x’)

x' el ’

j=1
where U = {x’ € R"; xj’—xj‘ < ¢;for1 <j< n}isthe
“‘uncertainty region” of the input.

Brver poghgat




b\,\qZ@S\‘l’] 514:0003""‘
» AVV\\ \-—zw\ bl,\\ fb\— So\mo_w\écolol § (0o, S}
W'e LLaas, 2.008)

0. § L X(00: § 000 . B
legl e 25 TR e

LIS L 94g?



