Differentiation of Curves
The definition of the derivative of a real-valued function
generalizes almost verbatim to the case of parametric curves.

Definition
Let f: | — R" be a parametric curve.

@ We say that f is differentiable at ty I if the limit

A (to + h) — fi(t))

/ 1 ,
f'(to) = Jim E(f(to+h)ff(to)) = Jim (o /:7) )
h\Un\t0 + — In\f0 /
e fi(to)
exists, and differentiable (per se) if this limit exists for all , —
® Let D C | be the set of all ty at which f is differentiable I f/(t )
according to (1). The parametric curve D — R”, t — f'(t) is n\*0
called the derivative of f. -
Examples

@ The twisted cubic f(t) = (t, 2, £3),(t € R, is differentiable with
f'(t) = (1,2, 3t3). .
\ \/'1-\1 \/B'\.
Integration of Curves
Definition
Curves are integrated coordinate-wise, i.e., if
f(t) = (fi(t), (1), ..., fa(t)) and the f; are integrable over [a, b]

then
/abf(t)dt_ (/:ﬁ(t)dt, /abfz(t)dt,...,/ab fn(t)dt).
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Definition i
If f: I — R"is differentiable at ty € / and f'(t)) # 0, the line |
f(to) + RF () (i.e., the line through £(,) with direction /—/—7
vector /(1)) is called the tangent line to f at f,. L

EXAMPLE 3 Find parametric equations for the tangent line to the helix with para-
metric equations

x = 2cost y =sint z=1
at the point (0, 1, 7/2).
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he 0,1 3) 4= f'(+)= ¢ -t 05ty ) 7
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o Arc Lewr\n

FIGURE 1
The length of a space curve is the limit

of lengths of approximating polygonal
paths.

Pefinition -
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EXAMPLE 1 Find the length of the arc of the circular helix with vector equation
r(f) = costi + sintj + ¢tk from the point (1, 0, 0) to the point (1, 0, 27).
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o fNovttix L yersion

Medod 1 (A1) —— (T[8) , Thew A"~
(\[\Q%od l ) 32 33 a32 33 a22 323
. adjA = - a, 23 +| & 3 1 3
A= adj(A)/det(A), wher e . A . A . A,
Let _+ a, a, a, a, + a,  a,l |
aj; Qa3 \/_/—/_/
A= |:(121 az llzs:|
az  azp ass CFQV Ix % MM".‘")
be the 3 x 3 matrix. The inverse matrix is:
gl
ST | i
o [ sl
Example
2 1 -6
We compute the inverse of A= | —1 -1 3
4 3 0
' 2 1-6/100 2 1-6/ 100
R2=R2+1R
All=|-1-1 3joto| 2= 19 1 ol 110
R3=R3—2 R1 2 2
4 3 0/001 0 112(-201
153/ 5 00 10-3] 1 10
R1=1R1 2 2 R1=R1—1R2
z o1 0/-1-20] ———=— |01 0/-1-20
Fe=—2R2 101 12|]—2 01| ™™ 100121 21
100 § 3 ;
R1=R1+1R 4 2 4
il Lt [o 10/ -1 -2 0
R3=-R3 1 1 1
” 001/-3z 5 12
3 3 1
4 2 4
Consequently, A='=| -1 -2 0
1 1 1
12 6 12
B Cov ordmogonl flowix €, QTQ=QQ" =1, Wk meems [Tz
/\’—_’ﬁ/

-]

To fivol A

C\W;sm i n oion

olumng gndk oy pye vamﬂj DP‘("/‘O’JVVB«\\

0\\\ Ubl\/llr\/\l/\$ Dl\»g/\ NwWs onve, l/m-\T ‘/e('-hyrs‘




